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We discuss quantum black holes in asymptotically safe quantum gravity with a scale identification
based on the Kretschmann scalar. After comparing this scenario with other scale identifications, we
investigate in detail the Kerr-(A)dS and Schwarzschild-(A)dS space-times. The global structure of
these geometries is studied as well as the central curvature singularity and test particle trajectories.
The existence of a Planck-sized, extremal, zero temperature black hole remnant guarantees a stable
endpoint of the evaporation process via Hawking radiation.
I. INTRODUCTION
The consistent quantisation of gravity is an open chal-
lenge to date. One of the candidates is the asymptotic
safety (AS) scenario for quantum gravity [1], its attraction
being the possible quantum-field theoretical ultraviolet
completion of the Standard Model with gravity. If re-
alised, it is the minimal UV closure of high energy physics
including gravity within a purely field-theoretical set-up.
One of the prominent and characteristic properties
of asymptotically safe gravity is its ultraviolet scaling
regime for momentum scales k larger than the Planck
scale Mpl. In the AS set-up, the latter is defined as the
scale beyond which quantum gravity corrections dominate
the physics and agrees well with the classical Planck scale.
In this regime, the Newton’s coupling G and cosmological
constant Λ, as well as all further couplings of terms, e.g.
of the higher curvature invariants Rn, run according to
their canonical scaling. For the Newton’s coupling and
cosmological constant in particular, this entails G(k) ∝
1/k2 and Λ(k) ∝ k2 respectively, instead of the classical
constant behaviour. Consequently, the physics at these
scales looks rather different to that of general relativity.
Black holes offer one of the few possibilities where such
deviations from classical general relativity may be ob-
served as they feature large curvatures. Asymptotically
safe quantum black holes have been amongst the first
applications of asymptotically safe gravity after its first
explicit realisation within the functional renormalisation
group [2]. Within such a renormalisation group setting,
the Newton’s coupling and cosmological constant are nat-
urally elevated to couplings running with the momentum
(RG) scale k. Then, classical solutions of the Einstein field
equations are quantum improved by replacing Newton’s
and the cosmological constant by functions depending on
a respective length scale. The k-dependent RG-runnings,
equipped with an identification between momentum and
length scales, serve as an ansatz for these functions. The
earliest works investigated the Schwarzschild space-time
[3, 4] followed by studies of the Kerr space-time [5] and
Schwarzschild-(A)dS geometries [6]. Black holes in higher
dimensions have been studied in [7]. All works, sum-
marised in [8], match the classical results of general rela-
tivity in the low energy limit, but show significant changes
for the number of horizons, test particle trajectories, the
Hawking temperature, and the entropy around the Planck-
ian regime. There is evidence for a cold, extremal Planck-
sized remnant, which is a smallest black hole with zero
temperature, a possibly promising answer to the end-
point of black hole evaporation. By studying dynamical,
non-vacuum solutions such as the Vaidya space-time, the
processes of black hole formation [9] and evaporation [10]
can be addressed directly, leading to the same conclusions
as above. The quantum effects render the central curva-
ture singularity at r = 0 less divergent, some scenarios
lead to a complete resolution. A detailed study on the
implications for the laws of black hole thermodynamics
was performed in [11]. Most of the above results for a
quantum improved space-time were obtained by using
a cut-off identification based on a classical space-time.
This was addressed in [12] and [13], where a consistent
framework with an underlying quantum space-time was
introduced.
In this work, we present a new scale identification based
on the quantum improved classical Kretschmann scalar.
This approach takes the running of the couplings into
account which removes unphysical features in the resulting
geometries. For the first time in this quantum gravity set-
up, the Kerr-(A)dS geometry, as the most general vacuum
black hole solution including a cosmological constant, is
studied in great detail. As a special case (a = 0), the
results for Schwarzschild-(A)dS are presented separately.
The ordinary Schwarzschild and Kerr solutions are also
contained by setting the cosmological constant to zero.
This work is structured as follows: we start with a
brief review of the AS scenario of quantum gravity in
section II, and discuss the studied geometries in section III.
The novel scale identification is discussed in section IV.
Results on horizons and the GR-limit are presented in
section V, the global structure in section VI, test particle
trajectories in section VI C, the curvature singularity in
section VII, and Hawking temperatures and the black
hole evaporation process in section VIII. Some technical
details are deferred to the appendices which contain in
particular a discussion of proper distance matchings, see
appendix C.
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2II. ASYMPTOTIC SAFE QUANTUM GRAVITY
By now, asymptotically safe quantum gravity has been
studied in an impressive wealth and depth of approxi-
mations including higher derivative terms, the full f(R)
potential as well as the inclusion of matter, see e.g. [14–
19] and references therein. The specific shape of the
running of G(k) and Λ(k) depends on the regularisation
scheme or regulator which also defines part of the scale
identification. Moreover, despite the advances in the ap-
proximation schemes used in recent computations, the
systematic error estimates are still relatively large. How-
ever, while these details do not affect the results of this
work qualitatively, all runnings have to meet the following
general constraints:
1. The existence of a UV fixed point, that is, the
dimensionless couplings g and λ become constant
in the UV-limit:
(g, λ)
k→∞−→ (g∗, λ∗) . (1)
2. The effective theory should recover the classical the-
ory of general relativity in the IR-limit, i.e. G and
Λ approach Newton’s constant G0 and a cosmologi-
cal constant Λ0 respectively, reducing the effective
action to the Einstein-Hilbert action:
G,Λ
k→0−→ G0,Λ0 ⇔ g ∼ k2 and λ ∼ k−2 .
(2)
The running of g(k) and λ(k) is typically obtained nu-
merically. In the following, we approximate them by
analytical expressions, which show the same features and
are compatible with the above constraints in the UV and
IR. For instance, a comparison with the results of the
systematic vertex expansion up to the fourth order in [20]
is provided in Figure 18 in the appendix. The following
scale runnings are used,
g(k) =
G0g∗k2
g∗ +G0k2
⇔ G(k) = G0g∗
g∗ +G0k2
,
λ(k) =
Λ0
k2
+ λ∗ ⇔ Λ(k) = Λ0 + λ∗k2 . (3)
The functional dependence of g(k) was already used in [4]
and λ(k) agrees with the expression used in [8] without
the logarithmic term. G0 and Λ0 are the IR-values of the
gravitational and cosmological coupling, whereas g∗ and
λ∗ are the fixed point values of the dimensionless couplings.
In the following analysis, we choose the numerical values
at the fixed point to be the ones for the background
couplings obtained in appendix B of [20], together with
their identification scheme in (34):
g∗ = 1.4 , λ∗ = 0.1 . (4)
The dependence of Newton’s coupling G and cosmological
constant Λ(k) on the running scale k reflects the non-
trivial dependence of the full effective action at vanishing
cut-off scale on the Laplacian ∆, as well as the existence
of higher order terms. As in earlier works, we use the
following strategy to take into account these terms: we use
solutions to the Einstein field equations and assume that
quantum gravity effects can be modeled by momentum-
dependent G and Λ, equipped with a relation to convert
the momentum into a length scale. The now r-dependent
G and Λ are inserted back into the classical solution,
yielding a quantum improved space-time. This procedure
is the analogue of the Uehling’s correction in QED, see [21]
and [4] for more details. In the context of asymptotically
save gravity, it has been shown in [6], that a quantum
improved metric in the above sense can be a solution to
the field equations derived from the quantum improved
Einstein-Hilbert action in the UV-limit, at least in the
spherically symmetric case. Furthermore, the quantum
improved metric, together with its observables, approach
the results obtained from general relativity in the IR, and
thus show the correct low energy limit.
In the following we need the couplings G(r) and Λ(r)
as functions of radius r rather than momentum scale k.
Thus, we have to establish a relation k(r) in order to
arrive at G(k(r)) , Λ(k(r)). A commonly used ansatz for
k(r) is
k(r) =
ξ
D(r)
, (5)
with constant ξ and a r-dependent function D with mo-
mentum dimension minus one (length), encoding the phys-
ical scales. Our choice ξ = 1/
√
λ∗ is further motivated in
appendix A.
III. INVESTIGATED GEOMETRIES
In this work, we study geometries based on solutions
of the Einstein equations with cosmological constant, but
vanishing stress-energy tensor. Depending on the sign of
the cosmological constant, the space-time is called asymp-
totically de Sitter (dS), flat, or anti-de Sitter (AdS). As
the stress-energy tensor is zero, the black hole is allowed
to have a mass and angular momentum, but no charge.
Thus, we study the Schwarzschild-(A)dS space-time of a
non-rotating black hole and the Kerr-(A)dS space-time
for a rotating black hole.
The Kerr-(A)dS geometry is the most general vacuum
black hole solution, which includes a cosmological con-
stant. Hence the Schwarzschild-(A)dS as well as the
Schwarzschild and Kerr solutions in flat space can be
obtained from Kerr-(A)dS by either setting the rotations
parameter a or the cosmological coupling Λ to zero. In our
analysis, we discuss the quantum improved Schwarzschild-
(A)dS and Kerr-(A)dS solution, but the results can be
easily extended to asymptotically flat space-times. Be-
low we briefly summarise some basic properties of these
geometries.
3A. Schwarzschild-(A)dS
The Schwarzschild-(A)dS solution is a two-parameter
family of solutions of the non-vacuum Einstein equations,
labeled by (M,Λ). It is explicitly given by
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2 ,
f(r) := 1− 2MG
r
− Λ
3
r2 , (6)
with t ∈ (−∞,∞), r ∈ (0,∞), Newtons’s constant G, the
cosmological constant Λ and dΩ2 the metric on S2. This
solution is spherically symmetric and displays a curvature
singularity at r = 0 if M 6= 0. For Λ = 0, it reduces to
the Schwarzschild solution in flat space and for M = 0
but Λ 6= 0, one obtains the metric describing AdS or
dS, depending on the sign of Λ. Therefore, this metric
interpolates between a Schwarzschild solution on small
scales and an (A)dS solution on large scales. Horizons
are solutions to f(r) = 0.
B. Kerr-(A)dS
The Kerr-(A)dS solutions form a three parameter fam-
ily, labelled by (M,J,Λ). Unlike in the flat case, M and
J cannot be interpreted as mass and angular momentum
of the black hole anymore, however, for convenience we
still refer to them as mass and angular momentum in the
text below. The metric is given by [22],
ds2 =− ∆r
ρ2Ξ2
(
dt− a sin2 θdφ)2 + ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
∆θ sin
2 θ
Ξ2ρ2
(
adt− (r2 + a2)dφ)2 , (7)
with
a :=
J
M
,
ρ2 := r2 + a2 cos2 θ ,
∆r := (r
2 + a2)(1− Λ
3
r2)− 2GMr ,
∆θ := 1 +
Λ
3
a2 cos2 θ ,
Ξ := 1 +
Λ
3
a2 . (8)
The parameter a is referred to as rotation parameter and
is restricted by
1
3
Λa2 > −1 , (9)
in order to preserve the Lorentzian signature of the metric.
The coordinate ranges are t ∈ (−∞,∞), r ∈ (0,∞),
θ ∈ [0, pi] and φ ∈ [0, 2pi). It can be shown that this
solution reduces to a Kerr black hole in the limit of small
r, whereas for large r it gives back the metric of (A)dS. In
the case of a = 0, one recovers the Schwarzschild-(A)dS
metric of a non-rotating black hole (6). For Λ = 0, the
metric reduces to the one of a Kerr black hole in flat space.
For M = 0 and a = 0, we recover (A)dS. For M 6= 0,
there is a curvature singularity at r = 0 in the equatorial
plane θ = pi2 . Horizons correspond to solutions of ∆r = 0.
IV. SCALE IDENTIFICATION
In pure gravity systems, i.e. systems with vanishing
stress-energy tensor, there is no unique way to fix the
scale identification. In fact, it turns out that physical
features of the space-time such as the number of horizons,
Hawking temperatures and the strength of the curvature
singularity actually do depend on the particular choice of
k(r). Motivated by dimensional analysis, one simple way
to identify the momentum scale of the FRG set-up with
a length scale is an inverse proportionality. However, this
ansatz is completely insensitive to typical scales of the
underlying space-time. Therefore, different scale setting
procedures have been brought forward, for instance on
the level of the field equations, e.g. [6]. A more feasi-
ble approach to account for space-time features is to use
proper distance integrals. As such, they give rise to diffeo-
morphism invariant quantities. Proper distance integrals
based on classical space-times were suggested in [4]. Later,
it was pointed out in [12, 13], that this procedure can be
upgraded to a consistent setting by computing the proper
distance already in the quantum improved geometry.
Here, we investigate this approach for Schwarzschild-
(A)dS and Kerr-(A)dS space-times. However, using two
different integrations contours for the computation of the
proper distance in the upgraded scheme yields ill-defined
quantities. In case of a radial integration path, we find
diverging surface gravities for all horizons. This results
in divergent Hawking temperatures, independent of the
black hole parameters. In case of a path prescribed by
the timelike geodesic of an infalling observer, we find an
identically vanishing eigentime. The analysis and results
for the proper distances are given in appendix C.
In light of these results, a different identification scheme
is required. Such a scheme has to be based on other diffeo-
morphism invariant quantities, for example on curvature
scalars. In cosmological contexts, the Ricci scalar R has
been used [23, 24]. However, the classical Ricci scalar
cannot be used, since it vanishes identically for vacuum
solutions of the Einstein field equations. Thus, in the
following analysis, we will base our scale identification on
the Kretschmann scalar K = RαβγδR
αβγδ, a diffeomor-
phism invariant quantity of momentum dimension four.
4This motivates the scale identification
DK(r) =
1
χ (K −K∞)1/4
, (10)
with a constant χ, chosen to be χ =
(
1
8
)1/4
in the following
calculations, and K∞ = K(r = ∞) = 8/3 Λ20 , using
(11). We subtract the Kretschmann scalar at r → ∞,
otherwise D(r) would approach a constant in the IR and
therefore G and Λ would fail to display the correct IR-
limit G0 and Λ0 respectively, cf. (3). For simplicity, we
base the matching on the classical Kretschmann scalar
in the equatorial plane (θ = pi/2). For both, Kerr-(A)dS
and Schwarzschild-(A)dS we arrive at
K =
8
3
Λ2 +
48M2
r6
G2 . (11)
The quantum improved version of the classical
Kretschmann scalar (11), referred to as Kqu, provides
a consistent framework accounting for typical scales of
the underlying (quantum) geometry. Of course it would be
desirable to use the true Kretschmann scalar, computed
directly from the quantum improved metric. This is left
for future work. On a technical level, the RG-improved
version turns (10) into a functional equation for DK(r).
In order for this equation to have a positive, real solution,
χ must be constrained to χ < (3/8)
1/4
, such that the ex-
pression under the root in the UV-expression in Table II
remains positive. In appendix A, we discuss the impact of
χ on the results. Also, the quantum improved version of
classical Kretschmann scalar (11) approaches the classical
version for r →∞, but this does not hold for DK, given
by (10), because Kqu → K∞ is faster than Kcl → K∞.
The curvature near the singularity, the construction of
the Penrose diagrams, and the UV-limits for each proper
distance are discussed in appendix E.
V. LAPSE FUNCTION AND NUMBER OF
HORIZONS
With the running couplings G and Λ from the previ-
ous section, physical properties of the quantum improved
space-times can be deduced. Central tools are the lapse
functions f(r) and ∆(r), whose roots determine the loca-
tion of horizons in the space-time. These zeros are shown
to be Killing horizons in appendix B, implying that they
can be assigned a constant surface gravity, which turns
out to be proportional to the first derivative of the lapse
function evaluated at the horizon. This can be used to
address thermodynamical processes such as the endpoint
of black hole evaporation via Hawking radiation. An-
other interesting question is that of the similarity of the
quantum improved geometry to the classical geometry
in general relativity, serving as a metric ansatz for the
quantum improvement.
In this section, we will discuss the lapse functions f(r)
and ∆(r) for the Kretschmann matching by determining
the number of horizons and comparing them with the
lapse functions of general relativity. We first start with
asymptotically AdS space-times, i.e. Λ0 < 0, and com-
ment on the results for Λ0 > 0 subsequently. The results
for all other matchings can be found in appendix C.
A. Schwarzschild-AdS
Classically, i.e. for constant G & Λ0 < 0, the lapse
function f(r) shows just one zero corresponding to the
event horizon of the black hole, whereas the quantum im-
proved Schwarzschild geometry shows up to two horizons,
if a consistent matching is adopted, Figure 1. Starting
at very large masses, well above the Planck mass, we
find two horizons, generated by a minimum of the lapse
function. Comparing with the classical lapse function in
Figure 2 shows that the outer horizon of the quantum im-
proved space-time coincides with the event horizon of the
classical black hole. The larger the mass, the better the
agreement and the more the inner horizon moves towards
zero. Hence, increasing the mass makes the black holes
more classical. Decreasing the mass causes the minimum
to shrink and the horizons to move towards each other.
There exists a critical mass Mc around two Planck masses,
Mc ≈ 2MPl, when the minimum is also a zero of the lapse
function. Then, both horizons merge and f(r) has a dou-
ble root. We will see later, that this geometry is similar
to a classical, extreme Reissner-Nordstro¨m black hole in
AdS. For masses below the critical mass, the minimum is
above zero and no horizons are present.
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FIG. 1. f(r) from (6) based on the Kretschmann scalar match-
ing for increasing mass from top to bottom. Results based on
the quantum improved Kretschmann scalar are given by solid
curves, whereas results based on the classical Kretschmann
scalar are dashed. The parameters are Λ0 = −0.1 and
M = 0.1, 1, 2, 5, 9MPl. Curves of the same mass have the
same colour.
50 2 4 6 8 10
r[lPl]
25
20
15
10
5
0
5
f(
r)
FIG. 2. Comparison of f(r) for all matchings with the classical
result from general relativity for M = 10MPl and Λ0 = −0.1.
Matching based on the quantum geodesic in dark blue, classical
geodesic in dark green, quantum radial path in light blue,
classical radial path in purple, quantum Kretschmann scalar
in light green, classical Kretschmann scalar in dashed black,
linear matching in red and the result from general relativity
in dashed dark blue. All matchings, apart from the classical
Kretschmann setting, agree with the classical position of the
outer black hole horizon.
The results for matchings computed in space-times
with running couplings agree with the matchings based
on space-times with constant couplings on the position
of the outer horizon, but differ significantly for smaller
radii. These differences emerge because in the latter case,
the matching is based on a classical geometry, whereas
we actually study a quantum geometry with running
couplings. Varying the amplitude for negative Λ0 does
not affect the qualitative results, but changes the scale.
B. Kerr-AdS
A classical, non-extremal Kerr-AdS space-time has two
horizons: a Cauchy horizon inside the black hole event
horizon. In contrast to the Schwarzschild case discussed
above, the quantum improvement of this space-time does
not allow for more horizons than in the classical geome-
try. Since the proper distances vanish identically in the
consistent scenarios, we show only the results for the
Kretschmann matching in Figure 3 and the dependence
on the rotation parameter for fixed mass in Figure 4. The
results for the linear matching can be found in appendix
C. In general, the consistent quantum improved version
displays the same behaviour as the classical solution. How-
ever, the inner horizon in the quantum improved space-
time is located at larger radii than the classical Cauchy
horizon, Figure 5.
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FIG. 3. ∆r(r) from (8) based on the Kretschmann scalar
matching for increasing mass from top to bottom. Results
based on the quantum improved Kretschmann scalar are
given by solid curves, whereas results based on the classical
Kretschmann scalar are dashed. With parameters Λ0 = −0.1,
a = 2 and M = 0.1, 2, 4, 5, 7, 9MPl. Curves of the same mass
have the same colour.
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FIG. 4. ∆r(r) based on the quantum Kretschmann scalar
matching for fixed mass M = 5MPl and Λ0 = −0.1, but
increasing a = 0, 1, 2, 3, 4, 5 from bottom to top.
C. Asymptotically de Sitter spaces
If we take the space-time to be asymptotically de Sitter,
we find the possibility to get up to three horizons. The
additional horizon is generated by the positive cosmologi-
cal constant in the IR and appears in the classical regime
at large radii. The typical shapes of f(r) and ∆r(r) are
displayed in Figure 6 & Figure 7 for the Kretschmann
matching, the dependence on the amplitude of Λ0 is shown
in Figure 8 & Figure 9. Varying m controls the position
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FIG. 5. Comparison of ∆r(r) for the linear matching in dark
blue, the classical Kretschmann setting in red, the quantum
Kretschmann setting in green and the classical result from
general relativity in light blue, with M = 10MPl, a = 2 and
Λ0 = −0.1. Apart from the classical Kretschmann setting, all
other matchings agree with the classical position of the outer
horizon.
of the two inner horizons via the formation of a minimum,
whereas Λ0 governs the location of the outer horizon.
Thereby, the interplay of the amplitudes of m and Λ0
dictates the number of horizons. Although we cannot pro-
vide an analytical condition involving m and Λ0 for the
space-time exhibiting three horizons, it is suggestive to
see it as the generalised version of the condition for a clas-
sical Kerr-dS space-time to have three horizons. This also
implies that both quantum improved space-times have
two distinct extremal cases: both inner horizons merge
at a mass m = M∗ yielding an extremal black hole inside
the cosmological horizon. Or both outer horizons merge
at m = M∗, forming the largest Schwarzschild/Kerr-dS
black hole possible, analogous to the Nariai space-time.
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FIG. 6. f(r) for asymptotic dS with Λ0 = 0.001 for increasing
mass M = 0.1, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10MPl from top to bottom.
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FIG. 7. ∆r(r) for asymptotic dS with Λ0 = 0.001 and a = 30
for increasing mass M = 1, 3, 5, 7, 9, 11, 13, 15, 17, 19MPl from
top to bottom.
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FIG. 8. f(r) for asymptotic dS for increasing Λ0 =
0.0001, 0.0005, 0.0008, 0.001, 0.0015, 0.002, 0.003, 0.004, 0.005
from top to bottom and fixed mass M = 5MPl.
0 10 20 30 40 50
r[lPl]
300
200
100
0
100
200
300
400
∆
r
(r
)
FIG. 9. ∆r(r) for asymptotic dS for increasing Λ0 =
0.0001, 0.0005, 0.0006, 0.0007, 0.0009, 0.0015, 0.002, 0.003 from
top to bottom. Fixed mass M = 5MPl and a = 30.
7VI. GLOBAL STRUCTURE, PENROSE
DIAGRAMS AND PARTICLE TRAJECTORIES
In contrast to the classical Schwarzschild-(A)dS and
Kerr-(A)dS geometries of general relativity, the quantum
improved counterparts can exhibit a different number of
horizons and hence may show a different global structure,
depicted in terms of Penrose diagrams. It turns out that
both geometries, i.e. one based on the Schwarzschild and
the other on the Kerr metric, have the same Penrose
diagram. The resulting diagram is equivalent to the
classical Reissner-Nordstro¨m or Kerr geometry. Hence,
the quantum improvements of the metric lead to a unified
global structure for quantum improved black hole space-
times based on solutions of the Einstein field equations.
Yet, as it is shown in section section VI C below, particles
move differently in each geometry.
We start by determining whether the singularity is time-
like, space-like or null. To that end we compute the norm
of the normal vector of a hypersurface of constant r in
the limit r → 0. The norm turns out to be the rr-element
of the inverse metric grr, yielding
grrSch
r→0
= 1 & grrKerr
r→0→ 1
cos2 θ
. (12)
Hence, the singularity is time-like in both cases, irrespec-
tive of whether the space-time is asymptotically AdS or
dS. As it is shown in appendix B, zeros of f and ∆r corre-
spond to Killing horizons. The succession of sign changes
of the lapse function dictates how the hypersurfaces of
constant r change from time-like over null to space-like.
A. Asymptotically anti-de Sitter space-times
The lapse function of Schwarzschild-AdS and the Kerr-
AdS space-time share the same qualitative features, result-
ing in the same Penrose diagram. The formal construction
of the maximally extended space-time works the same as
for the classical Kerr space-time, for instance see [22, 25],
but now with an asymptotic AdS-patch. For a mass
larger than the critical mass Mc, the lapse function has
two distinct roots, so the space-time exhibits two horizons,
Figure 10. When m = Mc, both roots coincide and we
find an extremal black hole with just one horizon. For
even lower masses, that is m < Mc, no horizon is present,
but the singularity still exists, cf. section VII, leaving a
space-time with a naked singularity. Later, via a heuristic
argument, we will argue that this unphysical space-time
cannot be formed by gravitational collapse.
B. Asymptotically de Sitter space-times
The results for the Schwarzschild- and Kerr-dS geome-
tries agree with each other. The space-time exhibits two
distinguished masses, M∗ < M∗, at which two of the pos-
sible three horizons merge. Starting with M∗ < m < M∗,
the space-time has three distinct horizons, two of them are
associated with the black hole and one with the positive
cosmological constant on large scales, Figure 11. This
case is equivalent to the classical Kerr-dS geometry. For
m = M∗, the outer black hole horizon and the cosmolog-
ical horizon merge. This leaves an extremal space-time
containing a maximally sized black hole, Figure 12, simi-
lar to the Nariai space-time. For even larger masses, there
is just one horizon left, Figure 13. On the other end, the
de Sitter space-time contains an extremal black hole if
m = M∗. For m < M∗, we have a de Sitter geometry
containing singularity, which is naked for observers within
the cosmological horizon. The construction of the maxi-
mally extended space-time is analogous to the one for the
classical Kerr-dS case, described for instance in [22].
C. Particle Trajectories
In order to investigate whether particles propagate
differently in the quantum space-times as compared to
general relativity, we study their trajectories. Although
most new effects in quantum improved space-times hap-
pen around the Planck scale, there are possibly deviations
from classical trajectories already on length scales well
above. Our set-up in the following is a test mass with
zero angular momentum L along its (timelike) geodesic
in a non-extremal geometry, neglecting all backreactions.
Furthermore, we are allowed to restrict the motion to the
equatorial plane, see [26] for more details. In order to
classify orbits into categories, for instance orbits terminat-
ing at the central curvature singularity or bound ones, it
suffices to study only the change of the radial coordinate.
1. Schwarzschild
In the quantum improved Schwarzschild geometry, the
equation for the radial motion of a test mass, starting
with zero angular momentum L at some distance r with
energy E, reads according to (F5)
r˙2 = E2 − f(r) , (13)
where r˙ denotes the change of the radial coordinate along
the geodesic parametrised by the eigentime. This equa-
tion is only dependent on r and can be thought of as an
energy equation per unit mass for the total energy E of
the test particle in an effective, one-dimensional potential
f(r). As was already found in [4] for the asymptotically
flat case, possible trajectories are the same as in the
classical Reissner-Nordstro¨m scenario, thereby differing
significantly from a classical Schwarzschild set-up. The
only difference to the asymptotical flat case arises at large
scales, where the effective potential f(r)→ ±∞, depend-
ing on whether the space-time is asymptotically de Sitter
or anti-de Sitter. Recalling the shape of f(r), e.g. Fig-
ure 1, we note that the effective potential is repulsive close
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FIG. 10. Penrose diagrams for quantum improved Schwarzschild- and Kerr-AdS space-times. hypersurfaces r =const. are drawn
in grey, each diagram can be further extended in vertical direction. To the left the Penrose diagram for the non-extremal black
hole with outer horizon Ho and inner horizon Hi, the timelike singularity (r = 0) and conformal infinity (r =∞). In the middle
the diagram for the extremal geometry with just one horizon H. The black dots are not part of the singularity. To the right,
the diagram for AdS with a naked singularity at r = 0.
to the singularity. In an asymptotically AdS geometry
and for a test mass with energy E, the following options
are possible, all being bound orbits in radial direction:
1. If E equals the minimum of the lapse function fmin,
then the particle is on a circular, stable orbit in the
region between the horizons. The radius is deter-
mined by the distance where the repulsive singu-
larity balances the repulsive negative asymptotical
cosmological constant.
2. For fmin < E < 0, the particle is on a bound orbit,
remaining in the region between both horizons.
3. If 0 < E < 1, the orbit will again be bound, but
now the particle periodically crosses horizons. For
instance, first starting in the region outside of the
outer horizon, the trajectory will first cross the
outer horizon, then the inner one. Because it cannot
overcome the repulsive barrier of the singularity, it
is bounced back and the radius is increasing again.
By crossing another horizon, it will end up in an
identical patch of the extended space-time. This
motion continues indefinitely and the particle will
travel through infinitely many universes. We will
comment on the physicality of this scenario at the
end of this section.
4. If E > 1, the energy of the particle can overcome
the potential barrier and manages to approach the
singularity at r = 0 with non-zero kinetic energy.
But in contrast to the classical Schwarzschild-AdS
scenario, the particle again follows a path through
infinitely many identical universes, reaching the
singularity in each of them.
For the case of a non-extremal black hole with asymptotic
de Sitter patch, we note that the maximum fmax is always
smaller than one. Therefore, we find scenarios one and
two from above, but also some differences:
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FIG. 11. Penrose diagram for quantum improved Schwarzschild- and Kerr-dS geometry with the three horizons of a non-extremal
black hole configuration. Starting at the timelike singularity at r = 0, we first cross the inner horizon Hi and then the outer
horizon Ho before crossing the cosmological horizon Hc and reaching conformal infinity r =∞. This diagram can be further
extended into all directions. Again, r =const. hypersurfaces are depicted by grey curves.
5. The case 0 < E < fmax admits a bound orbit, equiv-
alent to scenario three with the outer turning point
of the particle being located between the cosmologi-
cal and the outer black hole horizon, as well as an
unbound one beyond the cosmological horizon.
6. For E = fmax, the particle is at rest at the distance,
where the attracting force of the black hole balances
the attraction generated by the positive cosmolog-
ical constant on large scales. This is an unstable
equilibrium, since small perturbations cause the par-
ticle either to move inwards in a similar way to five,
or to escape to infinity.
7. In contrast to all above cases, the orbit is unbound
in radial direction for E > fmax, and the particle
can escape to infinity. Depending on whether or not
E ≷ 1, it can reach the singularity at r = 0.
2. Kerr
The equation for the change of the radial coordinate
along the geodesic of a test particle with energy E and
zero angular momentum L in the equatorial plane of the
Kerr geometry reads (cf. (G4)),
r˙2 = R(r) :=
E2 Ξ2
[
(r2 + a2)2 − a2∆r
]− r2∆r
r4
, (14)
where we introduced the function R(r) for convenience.
For a fixed geometry (G0,Λ0,M, a), the energy E of the
particle determines the allowed orbits. In the following,
we continue closely along the more detailed analysis of
the classical Kerr-(A)dS geometry carried out in [26].
Since the above equation is quadratic in r˙, geodesics
always have to satisfy R(r) ≥ 0. A simple root of R(r)
corresponds to a turning point, where the particle comes
to rest. A circular orbit of constant r = r0 requires both
r˙ and r¨ to vanish at r0, translating via equation (14) into
the condition of R(r) having an extremum as well as a
zero at r0. Depending on whether this extremum is a
maximum or minimum, the circular orbit will be stable
or unstable. Hence, R(r) having at least a double zero at
r0 is a sufficient condition for a circular orbit.
The function R(r) for Kerr-AdS is displayed in Fig-
ure 14. At large radii, the repulsiveness of the effective
AdS space-time prevents particles from escaping to infinity.
There exists a special energy E0, above which observers
inevitably fall into the singularity along a terminating or-
bit. For E = E0, three types of orbits are possible. R(r)
exhibits a double zero at r0, allowing for an unstable,
circular orbit. For radii larger than r0, we find a bound
orbit, crossing both horizons. Particles starting at r < r0
are accelerated along terminating trajectories and will
end up in the singularity. However, if E < E0, the double
root splits and we find the possibility of having bound
orbits as well as terminating ones at radii below the inner
horizon. For the smallest energies, E → 0, the particle
moves from horizon to horizon. The only difference for
Kerr-dS compared to the AdS case, is that particles can
always escape to infinity, see Figure 15.
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FIG. 12. Penrose diagram for quantum improved
Schwarzschild- and Kerr-dS geometry with the two horizons of
an extremal black hole configuration. Starting at the curvature
singularity at r = 0, we first cross the inner horizon Hi and
then the outer one Ho, before arriving at conformal infinity
r =∞. This diagram can be further extended to the top and
bottom as well. The black dots are not part of the singularity.
The displayed pattern of the r =const. hypersurfaces is the
one for m = M∗. For m = M∗, the hypersurfaces between the
horizons become spacelike.
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FIG. 13. Penrose diagram for the quantum improved
Schwarzschild- and Kerr-AdS configuration showing only one
horizon H, always shielding the singularity at r = 0 from an
observer near conformal infinity r =∞.
The trajectories have been calculated for an idealised,
pointlike observer, neglecting any backreaction on the
geometry. However, the location of the inner horizon
is typically at about the Planck scale, where backreac-
tion effects should be taken into account. The quantum
improved Schwarzschild case turns out to be similar to
the classical Reissner-Nordstro¨m space-time, for which
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FIG. 14. R(r) from (14) for Kerr-AdS with G0 = 1,Λ0 =
−0.1,M = 10MPl, a = 1 and increasing particle energy E
from bottom to top.
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FIG. 15. R(r) from (14) for Kerr-dS with G0 = 1,Λ0 =
0.01,M = 10MPl, a = 1 and increasing particle energy E from
bottom to top.
it was shown that there is a blueshift instability at the
inner (Cauchy) horizon. Additionally, it was shown in
[27], that perturbations of initial data cause the Cauchy
horizon to be replaced by a null singularity. Due to the
similarities between the quantum improved Schwarzschild
and the classical Reissner-Nordstro¨m space-time, it is
tempting to speculate that the classical findings might
also hold for the quantum case. Hence, one has to take
the above results with care, especially the many world
trajectories. Summarising, there are differences between
the classical and the quantum improved geometry, but
they only become relevant at very small length scales,
where the results have to be taken with a grain of salt.
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VII. CURVATURE SINGULARITY &
EFFECTIVE ENERGY-MOMENTUM TENSOR
Since quantum gravity effects become important in high
curvature regimes, it is expected that they alter the nature
of the curvature singularity at r = 0. Previous results
from asymptotic safe quantum gravity [6–8] and other
quantum gravity scenarios, e.g. [28], predict a substantial
weakening of the singularity or even its disappearance. A
weakening of the the singularity manifests itself for in-
stance in changes of the Kretschmann scalar. We compute
the Ricci scalar R as well as the Kretschmann scalar K of
the quantum improved geometries in the UV fixed point
regime, and compare the findings with the classical result
of general relativity. Table I lists the highest degree of
divergence of the Ricci and Kretschmann scalar for both
investigated geometries for all discussed matchings. Upon
comparison with the classical result of general relativity,
the consistent quantum scenarios display a weakening of
the singularity but not a complete resolution.
In the quantum improved space-times, the Ricci scalar
is diverging too, because we have changed the geometry
which is not a vacuum solution of the Einstein field equa-
tions anymore. In fact, it is a geometry with an effective
energy-momentum tensor [29], induced by the running
couplings. Using the classical field equations, this effec-
tive energy-momentum tensor T effµν can be computed by
calculating the Einstein tensor Gµν from the quantum
improved metric,
Gµν + Λ0gµν =: 8piG0T
eff
µν . (15)
Note that T effµν is covariantly conserved, assuming a met-
ric connection, ∇µgµν = 0, because the Einstein tensor
satisfies the Bianchi identity ∇µGµν = 0 by construction.
However, physical interpretations of this effective energy-
momentum tensor in terms of matter have to be drawn
with great care. For instance, it turns out that the T effrr is
diverging at horizons, f(r) = 0, because Grr =
f−1+rf ′
fr2
and grr = 1/f(r). Additionally, it has been shown in [5],
that T effµν in the quantum improved flat Kerr geometry
violates the weak, the null, the strong and the dominant
energy condition. We expect similar results in the present
case, including the cosmological constant. These observa-
tions suggest that quantum gravity contributions to the
energy-momentum tensor are of a fundamentally different
nature than the ones of conventional matter and should
not be interpreted as matter. In fact, the running cou-
plings should be taken into account already on the action
level, resulting in different field equations. This is done
for example in Quantum Einstein Gravity (QEG) [16],
based on the quantum improved Einstein Hilbert action
S =
∫
d4x
√−g
[
R− 2Λ(r)
16piG(r)
]
. (16)
The resulting new field equations [30], based on the run-
nings (3), read the same as (15) with
8piG0T
eff
µν = −λ∗k2(r)gµν +G(r)(∇µ∇ν − gµν)
1
G(r)
.
(17)
It has been shown in [31], that the covariant conserva-
tion of the effective energy-momentum tensor in QEG is
equivalent to the following relation between the running
couplings,
R∇µ
(
1
G(r)
)
− 2∇µ
(
Λ(r)
G(r)
)
= 0 . (18)
This relation is not satisfied by our quantum improved
Schwarzschild-(A)dS and Kerr-(A)dS metrics, meaning
that they are not solutions to the new field equations (15)
with (18), derived in the Einstein-Hilbert truncation of a
potentially more complicated fundamental action.
VIII. HORIZON TEMPERATURES AND
BLACK HOLE EVAPORATION
In this section, we first establish the fact, that sur-
face gravities in space-times based on the quantum im-
proved version of the radial path proper distance are
divergent, before discussing the Hawking temperatures
in the Kretschmann scenario. Finally, we will discuss
implications on the black hole evaporation process.
The Hawking temperature of a black hole in flat space
received by an observer at infinity is given by TH =
κ
2pi
[32], with surface gravity κ of the event horizon. For an
observer at finite distance r in the static region outside
the black hole, the above expression is modified by a
redshift factor,
TH =
κ
2pi
1√
g(K,K)
, (19)
where g(K,K) is the norm of the static Killing vector K.
In more general terms, a surface gravity can be assigned
to any Killing horizon of a space-time. Gibbons and
Hawking showed in [22], that cosmological horizons also
emit radiation which can be detected by an observer
in the static space-time region. In general, emission is
a consequence of the observer not being able to access
the space-time hidden behind the horizon(s), thereby
being fundamentally unable to measure the quantum
state of the complete universe (see [22] for a more detailed
discussion). The notion of a horizon temperature only
appears to be meaningful for observers in a static space-
time region, since only such observers detect radiation of
this temperature. Taking Reissner-Norstro¨m as example,
this is only the case for the region outside the black hole.
In between the horizons, the space-time is not static
anymore and inside the inner horizon, the space-time is
static again, but connected to the singularity. This would
require to impose boundary conditions at the singularity,
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classical cl. Kretschmann qu. Kretschmann linear cl. radial path qu. radial path cl. geodesic qu. geodesic
RSch 4Λ0 ∼ const ∼ r−3/2 ∼ r−2 ∼ const ∼ r−2 ∼ const ∼ r−3/2
KSch ∼ r−6 ∼ r−6 ∼ r−3 ∼ r−4 ∼ r−6 ∼ r−4 ∼ r−6 ∼ r−3
RKerr 4Λ0 ∼ r−3 ∼ r−2 ∼ r−4 ∼ r−4 − ∼ r−4 −
KKerr ∼ r−6 ∼ r−6 ∼ r−4 ∼ r−8 ∼ r−8 − ∼ r−8 −
TABLE I. Ricci scalar R and Kretschmann scalar K for Schwarzschild- and Kerr-AdS for different matchings compared to the
classical result.
being far from obvious. Hence in the following, we only
refer to a horizon having a temperature, if the horizon
is the boundary of a static region, not connected to the
singularity. In appendix B, horizons in the quantum
improved space-time are shown to be Killing horizons,
thus a surface gravity can be assigned to each of them.
Technically, the surface gravity κ of a Killing horizon
can be computed by taking the covariant derivative of
the norm of the Killing vector, or alternatively via a
periodicity in Euclidean time introduced in [33]. In any
case, we find
κSch =
1
2
|f ′(r0)| & κKerr = 1
2
|∆′r(r0)|
(r20 + a
2)
, (20)
r0 being the radial coordinate of the horizon. Since hori-
zons are zeros of f(r) and ∆r(r) respectively, (C4) implies
that the derivative of the proper distance D′(r) diverges
at the horizons for the quantum version of the radial path.
As addressed in appendix D in detail, this does not nec-
essarily mean that the proper distance itself is diverging
at a horizon, unless the horizon is extremal. But com-
puting the surface gravity explicitly via (20) generates
the following terms, proportional to D′(r), and therefore
diverging at the horizons,
f ′(r) ∼ 2
3r2
(
−6G
2
0 g∗ λ∗M rD(r)
(g∗λ∗D2(r) +G0)
2 +
r4
D3(r)
)
D′(r) ,
∆′(r) ∼
(
2r2
(
a2 + r2
)
3D3(r)
− 4G
2
0 g∗λ∗MrD(r)
(g∗λ∗D2(r) +G0)
2
)
D′(r) .
(21)
The terms in the brackets are in general non-vanishing at
the horizons. In particular, this holds also for arbitrary
large masses in the classical regime, where it is known
that the surface gravity and Hawking temperature stays
finite. This is the main reason why we consider the scale
identification based on the quantum radial path as unphys-
ical. In contrast, along with the proper distance based on
a geodesic, the construction based on the Kretschmann
scalar shows no divergent behaviour at the horizons and
therefore leads to finite Hawking temperatures.
Next, we discuss the mass dependence of the surface
gravities, focusing on the quantum Kretschmann scenario
from now on. It suffices to look at the slope of the lapse
function at each horizon, since it is proportional to the
surface gravity. The results for Schwarzschild-AdS and
Schwarzschild-dS can be found in Figure 16 and Figure 17,
the plots for the Kerr cases are qualitatively the same.
The whole evolution, appearance and disappearance of
horizons is driven by the formation of a minimum of the
lapse function. The quantum improved Schwarzschild-
AdS space-time exhibits no horizon up to the critical mass
Mc ≈ 1.2MPl. At M = Mcrit, the minimum of the lapse
function is at zero, hence the slope is zero and so are the
surface gravities. For growing mass, the slope becomes
steeper because the minimum expands, thus the surface
gravities grow in amplitude. In contrast, κcl in general
relativity diverges for M → 0. However, the surface
gravity of the outer horizon matches the classical one for
sufficiently large masses. The Schwarzschild-dS scenario
can have up to three horizons and two special masses,
M∗ ≈ 2MPl and M∗ ≈ 5.8MPl, at which two of the three
horizons merge. Starting in the M < M∗ regime, there
is no black hole, but only the cosmological horizon. The
case M = M∗ corresponds to the case M = Mc from
above. For M∗ < M < M∗, there are three horizons
and the back hole gets bigger for increasing mass, until
M = M∗, when the black hole has reached its maximal
size and its outer horizons merges with the cosmological
horizon to an extremal horizon with zero temperature.
In AdS space-times, an observer in the static region
could only measure a temperature coming from the black
holes’ event horizon, whereas in dS space-times, the ob-
server would measure a mixture of two thermal spectra
at different temperatures, one coming from the back hole
and one from the cosmological horizon. In the static
region outside the black hole, one valid choice for the
Killing vector in (19) is K = ∂/∂t, yielding g(K,K) = gtt.
In the Schwarzschild geometries, this implies that an ob-
server located at a horizon would measure an infinite
temperature, in accordance with general relativity. In
Schwarzschild-AdS, the temperature drops to zero for an
infinitely distant observer, as gtt diverges.
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FIG. 16. f ′(r) as function of the mass M for the quantum
improved Schwarzschild-AdS geometry for Λ0 = −0.1. Inner
horizon in blue, outer horizon in green. The outer horizon
agrees with the temperature of the event horizon in general
relativity in red for large masses. Taking absolute values yields
the surface gravities.
In the dS-scenario, there exists a distance between the
horizons, at which the observed temperature becomes
minimal, s because f has a maximum. In the Kerr ge-
ometries, ∂/∂t is timelike only outside the ergoregion. A
static Killing vector field for the entire region outside the
black hole can be obtained by linearly combining the two
Killing vectors of a Kerr space-time, see appendix B. Since
all above observations equally apply for classical as well
as quantum improved space-times, the is no qualitative
difference for an observer measuring horizon tempera-
tures in a classical or a quantum space-time, except in
the Planckian regime.
As final point, we would like to address the black hole
evaporation process. A standard mechanism to form black
holes is gravitational collapse. If the mass of a collapsing
object is larger than the Tolman-Oppenheimer-Volkoff
mass around 2M, no other force can counterbalance
gravity and the object collapses to form a black hole.
Assuming that a macroscopic Schwarzschild or Kerr black
hole has formed via this process, well above the critical
mass, it will emit Hawking radiation and thereby lose
energy. This causes the black hole to shrink steadily, as its
mass is decreasing. This process continues, until the criti-
cal mass Mcrit is reached. The temperature then becomes
zero and therefore the radiation stops. Hence, the naked
singularity case with M < Mcrit can never be reached
via this process and we end up with a zero temperature,
Planck-sized, extremal black hole, often referred to as
remnant. This remnant serves as shield, guaranteeing
that the cosmic censorship conjecture remains satisfied.
However, in [34] it was shown that extremal black hole
configurations with zero temperature suffer from an in-
stability at the extremal horizon. Remnant endpoints
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FIG. 17. f ′(r) as function of the mass M for the quantum
improved Schwarzschild-dS geometry for Λ0 = 0.001. The
cosmological horizon in red, the inner black hole horizon in
blue and the outer black hole horizon in green. Taking absolute
values yields the surface gravities.
were also found in other studies within asymptotic safety
[7, 10] and beyond [35]. Based on a classical expression
for the proper distance it has been shown in [6, 8] that
the Schwarzschild-AdS black hole evaporates completely.
A more suitable set-up to discuss the evaporation process
is given by the dynamical Vaidya space-time, used in [10].
There, a Planck-sized, cold remnant as endpoint has been
found.
IX. SUMMARY
In this work, the quantum improved Kerr-(A)dS black
hole was studied for the first time within a self-consistent
scale identification procedure. The latter is based on
the Kretschmann scalar. The Kerr-(A)dS geometry also
includes the Schwarzschild-(A)dS, as well as ordinary
Schwarzschild and Kerr space-times as special cases, by
setting either the rotation parameter a or the cosmological
constant Λ0 to zero.
Both quantum improved geometries show the same
global structure in terms of a timelike curvature singu-
larity at r = 0 and the same number of horizons. Fur-
thermore, it has also been shown that the outer black
hole horizon corresponds to the classical black hole event
horizon. The timelike character of the singularity at r = 0
in principle allows particles to avoid the singularity. The
quantum corrections to the classical metric render the
singularity less divergent, but none of the studied sce-
narios was able to resolve it completely. However, this
singularity will always be dressed by a horizon, such that
there is no violation of the cosmic censorship conjecture.
The horizons being Killing horizons admit a tempera-
ture, causing the black hole to evaporate. In the Planckian
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regime, however, the heat capacity of a tiny black hole
stays positive, ∂T∂M > 0, in contrast to the classical case.
Thus, the evaporation process comes to an end when the
Hawking temperature of the black hole is zero, leaving an
extremal, cold, Planck-sized remnant, serving as cosmic
censor. This is a thermodynamically stable endpoint,
because any additional mass absorbed by the black hole
will radiate away until the temperature is again zero. It
would be interesting to see what implications for the black
hole information paradox can be drawn from the generic
existence of such remnants.
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Appendix A: Choice of Scale Identification
Here we motivate our choice for k(r) in (5). Inserting
the general parametrisation k(r) = ξ/D(r), into (C5), we
are left with
f(r) = 1− 2M
r
g(r)D2(r)
ξ2
− r
2
3
λ(r)ξ2
D2(r)
UV≈
r→0
1− 2M
r
g∗D2(r)
ξ2
− r
2
3
λ∗ξ2
D2(r)
,
∆r
UV≈
r→0
(r2 + a2)
(
1− r
2
3
λ∗ξ2
D2(r)
)
− 2M
r
g∗D2(r)
ξ2
.
(A1)
The numerical values of g∗ and λ∗ depend on the partic-
ular RG-trajectory and parametrisation we have chosen
and therefore cannot be physical observables. However,
the product g∗λ∗ is an observable and hence independent
of the particular choice of the RG-trajectory. Its magni-
tude turns out to be g∗λ∗ ≈ 0.1, e.g. in [16, 20]. In this
light, we have two choices for ξ in order to make (A1)
solely dependent on g∗λ∗,
ξ2 = g∗ or ξ2 =
1
λ∗
. (A2)
Thus, in (5) we have chosen the second of the two equiva-
lent options. Varying ξ for a fixed geometry (G0,Λ0,m, a),
which is effectively done also in the quantum Kretschmann
scenario by introducing χ, turns out to have only a weak
impact on the position of the inner horizon. Since it is
typically located at small radii, we recall from Table II,
that varying ξ mildly modifies the UV-limit. Furthermore,
we have an upper limit χ < (3/8)
1/4
.
Appendix B: Killing Horizons
In this section, we review the formal proof that every
zero of ∆r(r) in (7) is a Killing horizon. This implies that
a constant surface gravity and thereby a temperature can
be associated to each horizon. The Schwarzschild-(A)dS
case is automatically contained by taking a→ 0.
Starting from the Kerr-(A)dS metric (7), assume that
∆r(r) has j positive roots, i.e. can be written as
∆r(r) =
j∏
i=0
(r − ri) with 0 ≤ r0 ≤ r1 < ... ≤ rj .
(B1)
The horizons are the hypersurfaces r = ri = const. Since
the space-time is axisymmetric and stationary, we have
two commuting Killing vector fields:
(
∂
∂t
)a
is stationary,
at least in some region of the space-time, and
(
∂
∂φ
)a
manifests the symmetry axis. We now have to construct
a Killing vector field ξa, that is normal to, and null on
these horizon hypersurfaces. The most general form for
ξa would be a linear combination of both Killing vector
fields,
ξa =
(
∂
∂t
)a
+ α
(
∂
∂φ
)a
, (B2)
with a constant α. We will fix this constant later by
requiring that ξa should vanish at the horizons. But first,
we must change from Boyer-Lindquist coordinates (7), to
coordinates that leave the metric regular at the horizons.
Such coordinates are induced by the principal null direc-
tions of the space-time. The Kerr-(A)dS space-time is
of algebraic type D, thus admits two distinct principal
null directions, referred to as ingoing and outgoing. They
can be represented in Boyer-Lindquist coordinates by the
following vectors,
nµ± =
(
r2 + a2
∆r
Ξ ,±1 , 0 , a
∆r
Ξ
)
, (B3)
where +1 is outgoing and −1 ingoing. They now induce
outgoing and ingoing coordinates, being the Kerr-(A)dS
counterparts of Kerr-coordinates in flat space. We will
select the outgoing version, but in principle we could
also work with ingoing ones. The outgoing Kerr-(A)dS
coordinates (v, χ) are defined as,
dv = dt+ Ξ
r2 + a2
∆r
dr
dχ = dφ+ Ξ
a
∆r
dr . (B4)
Inserting these back into (7), leaves us with the metric in
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FIG. 18. Running of the dimensionless couplings g and λ as a function of momentum scale k for the analytical expressions from
(3) in green and from a fourth order vertex expansion based on [20] in blue. Both approach their UV fixed point values, g∗ = 1.4
& λ∗ = 0.1, for k →∞.
terms of Kerr-(A)dS coordinates (v, r, θ, χ),
ds2 = − 1
ρ2Ξ2
(
∆r −∆θ a2 sin2 θ
)
dv2 +
2
Ξ
dv dr
− 2a sin
2 θ
ρ2Ξ2
(
(r2 + a2)∆θ −∆r
)
dv dχ
− 2a sin
2 θ
Ξ
dχdr +
sin2 θ
ρ2Ξ2
(
∆θ(r
2 + a2)2
−∆ra2 sin2 θ
)
dχ2 +
ρ2
∆θ
dθ2 . (B5)
One can check that (B5) reduces to Kerr coordinates for
Λ = 0. The Killing vector field ξa now reads
ξa =
(
∂
∂v
)a
+ α
(
∂
∂χ
)a
. (B6)
Requiring that ξa is null on the horizons r = ri yields
ξ2|r=ri =
[
gvv + 2α gvχ + α
2 gχχ
]
r=ri
=
∆θ sin
2 θ
ρ2i Ξ
2
[
a− α(r2i + a2)
]2 !
= 0 (B7)
and therefore
α =
a
r2i + a
2
. (B8)
Thus, we have found a family of vector fields (ξa)i, being
null at one horizon at a time. In order to show that the
hypersurfaces r = ri are Killing horizons, it remains to
be checked if ξa is hypersurface orthogonal, i.e. ξa =
ξµdx
µ ∼ dr evaluated at the horizon,
(ξ)a |r=ri = [gµνξνdxµ]r=ri =
1
Ξ
(
1− a
2 sin2 θ
r2i + a
2
)
dr ,
(B9)
with all other components vanishing. In summary, we are
able to construct a Killing vector field ξa which is null
on, and normal to each horizon hypersurface r = ri, and
hence have shown that the horizons corresponding to the
roots of ∆r are indeed Killing horizons.
Appendix C: Other Matchings
1. Linear Matching
The simplest scaling is based on a dimensional analysis,
DLin(r) = r , (C1)
which has already been adopted for instance in [4]. In the
case of an identically vanishing cosmological coupling, is
the IR-limit of the classical proper distance along a radial
path [7]. But this matching does not take physical scales
of the underlying space-time into account, for instance the
black hole scales given by M & a, or scales induced by the
gravitational or the cosmological coupling. Nevertheless,
this function already gives rise to many phenomena ob-
served for more complicated choices and hence can serve
as a toy model.
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FIG. 19. f(r) from (6) based on the linear matching for
increasing mass from top to bottom, with Λ0 = −0.1, M =
0.1, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10MPl.
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FIG. 20. ∆r(r) from (8) based on the linear matching for
increasing mass from top to bottom, with Λ0 = −0.1, a = 2
and M = 0.1, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10MPl.
2. Proper Distances
We can also use the proper distance along a curve C in
space-time to specify D(r),
D(r) = Dprop =
∫
C
√
|gµνdxµdxν | . (C2)
This definition is diffeomorphism invariant and encodes
the space-time structure, since the gravitational and cos-
mological coupling typically appear in the metric. In most
cases in the literature, e.g. [6–8], the gravitational as well
as cosmological coupling have been fixed to be constants,
for instance the IR-values Λ0 and G0. However, since the
FRG-flow generically gives rise to running couplings, it
is more natural and consequent to consider this running
also in the above integral, thus G→ G(r) and Λ→ Λ(r).
In the following, this quantum improvement procedure
of proper distances is extended to Schwarzschild- and
Kerr-(A)dS geometries. We will provide expressions for
the proper distance along a radial path and along the
geodesic of a radially infalling observer, both for constant,
as well as running G and Λ. Additionally, the UV-limit
of each proper distance is obtained, cf. Table II.
a. Radial Path
Inspired by the symmetry of the space-time, we first
take the following radial path from 0 to r as integration
contour C in (C2),
CSchw−(A)dS : dt = dΩ = 0 ,
CKerr−(A)dS : dt = dφ = dθ = 0 and θ = pi/2 .
(C3)
The restriction to the equatorial plane in the Kerr case is
done for the sake of simplicity. Driven by the results of
[5] for the flat Kerr geometry, we assume that the varying
θ will not alter our results qualitatively. Applying the
above integration paths to (C2) yields,
DSch(r) =
∫ r
0
dr˜
√
|gr˜r˜| =
∫ r
0
dr˜
1√|f(r˜)| ,
DKerr(r) =
∫ r
0
dr˜
√
|gr˜r˜| =
∫ r
0
dr˜
√
r˜2
|∆r(r˜)| , (C4)
with the lapse functions
f(r) = 1− 2GM
r
− Λ
3
r2 and
∆r(r) = (r
2 + a2)
(
1− Λ
3
r2
)
− 2MGr . (C5)
In the following, this scenario with constant G and Λ
will be referred to as classical radial path, because the
space-time underlying the integral is a classical black hole
geometry with a cosmological constant.
Alternatively, we account for the running of the cou-
plings already in the proper distance, referred to as quan-
tum radial path with G = G(r) and Λ = Λ(r) in the
above integrals. This turns (C4) into integral equations
for D(r), which can be transformed into a differential
equation by taking a derivative with respect to r. One
can then easily see that the derivative of D(r) diverges
at every horizon, where f(r) and ∆(r) vanish. Using
the fixed point behaviour of G and Λ in the UV, these
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differential equations read for small r,
D′sch,qu(r) =
1√∣∣∣1− 2Mg∗λ∗D2sch,qu(r)r − r23D2sch,qu(r) ∣∣∣
,
D′kerr,qu(r) =
1√∣∣∣1 + a2r2 − r23D2kerr,qu(r) − a23D2kerr,qu(r) ∣∣∣
.
(C6)
Both classical matchings as well as the one for the quan-
tum Schwarzschild scenario monotonously increase and
satisfy D(r → 0) = 0, as can be seen from the numerical
results in Figure 23. In contrast, the proper distance is
identically zero in the quantum Kerr scenario, see (D2).
It turns out (cf. section VIII), that the expression for
the Hawking temperature in a quantum improved space-
time contains terms proportional to the derivative of D(r),
hence using the above construction for the proper distance
leads to diverging Hawking temperatures at all horizons.
Therefore, in the following we also discuss the proper
distance induced by the eigentime of a radially infalling
observer, where this feature is absent.
b. Radial Timelike Geodesic
The eigentime τ of an observer, initially at rest at R and
falling along a radial timelike geodesic into the singularity,
can also be used to identify the momentum cut-off scale
with a length scale by setting D(r) = τ(r). Derived in
appendix F, the eigentime for the Schwarzschild-(A)dS
scenario reads
D(R) =
∫ R
0
dr
1√|E2 − f(r)| , (C7)
with E = f(R) for an observer initially starting at rest.
It is worth noting that for E = 0, the integral reduces
to the one in (C4). By fixing E, we equivalently specify
the maximal distance R of the observer from the origin.
Independent on the particular value of E, the proper
distance again exhibits poles if E2−f(r) = 0, now shifted
by E2 away from the horizons. Once more, (C7) gives
rise to two different proper distances, referred to as either
classical or quantum geodesic, depending on whether the
underlying space-time is based on the constant or running
versions of G and Λ. ss The analogous expression for
the proper distance induced by an radial geodesic in the
Kerr-(A)dS scenario reads (see appendix G)
D(R) =
∫ R
0
dr
r2√|E2 Ξ2 [(r2 + a2)2 − a2∆r]− r2∆r| ,
E2 = E2(R) =
R2∆R
Ξ2 [(R2 + a2)2 − a2∆R] ,
(C8)
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FIG. 21. f(r) based on the radial path matching for increasing
mass from top to bottom. Results, where D(r) is computed
consistently in a quantum improved space-time, are shown
in solid, the dashed curves are the ones with a classically
computed D(r). With parameters Λ0 = −0.1 and M =
0.1, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10MPl. Curves of the same mass have
the same colour.
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FIG. 22. f(r) based on the radial geodesic matching for
increasing mass from top to bottom. Results, where D(r)
is computed consistently in a quantum improved space-time,
are shown in solid, the dashed curves are the ones with a
classically computed D(r). With parameters Λ0 = −0.1 and
M = 0.1, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10MPl. Curves of the same mass
have the same colour.
and reduces to (C4) for E = 0. Again, we achieved
that there are no poles at the horizons. Once more, we
have two versions depending on whether G and Λ are
running or not. The numerical results can be found in
Figure 24, however, the proper distance in the quantum
Kerr scenario is again identically zero.
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Kretschmann Radial Path Geodesic Path
classic quantum classic quantum classic quantum
Schwarzschild
1
31/4 2χ
√
MG0
r3/2
(
χ−4−8/3
48M2(g∗λ∗)2
)1/8
r3/4
2
3
√
2G0M
r3/2 2√
3
r pi
2
√
2G0M
r3/2
(
67
18Mg∗λ∗
)1/4
r3/4
Kerr r
2
2a
0 pi
4a
r2 0
TABLE II. UV-limits (r → 0) of D(r) for all investigated matchings.
Appendix D: Shape and Divergences of Proper
Distances
As can be seen from Figure 23-25, all functions D(r) are
monotonously increasing, some proper distances display
a rapid increase. In order to understand these jumps
and possible divergences, we have to look at the integral
expressions for each proper distance (C4), (C7), and (C8).
The expression h(r) under each square root can become
zero, and if h(r) has just a single root at r = r0 < R, the
corresponding pole is integrable, causing a jump in the
proper distance,
D(R) =
∫ R
0
dr
1√
h(r)
=
∫ R
0
dr
1√
(r − r0)h˜(r)
∼
∫ R
0
dr (r − r0)−1/2 ,
(D1)
where h˜(r) has no root at r = r0. However, once the mul-
tiplicity of r0 is larger than one, the pole is not integrable
anymore and D(r) exhibits a divergence at r = r0. In
any case, D′(r) is diverging for the radial path proper
distances, even at integrable poles of D(r), as can be seen
from (C6). In case of the classical radial path, the position
of these poles has no direct physical significance, however
in the quantum case, the poles are located precisely at the
horizons, because then, the function h(r) is nothing other
than the horizon condition. Thus, for extremal black holes
when at least two horizons coincide, the quantum proper
distance along a radial path is ill-defined. D′(r) is always
diverging at the horizons leading to a diverging Hawking
temperature of the horizon, as is shown in section VIII.
For this reason, we introduce the scenario with an in-
falling observer along a timelike, radial geodesic, in order
to remove these problems, only due to the poor choice of
the function h(r) and absent in all other scenarios. How-
ever, it turns out, that in both proper distance scenarios
for Kerr-(A)dS with an underlying quantum space-time,
the proper distance must vanish identically, in order to
satisfy the condition D(0) = 0. For instance, this can be
seen by solving (C6) in the limit r → 0, satisfying the
boundary condition D(0) = , yielding
Dkerrrad,UV(r) =

a
√
3
(√
r2 + a2 + r
)√3
. (D2)
Therefore, the solution vanishes identically in the limit
 → 0, which is confirmed also for the full, numerical
solution of (C4). The same behaviour is found for Kerr-
(A)dS, when the scale matching is based on the geodesic
in a quantum-improved space-time.
Appendix E: UV-limits of D(r)
For statements about the curvature near the singularity
and also for the construction of the Penrose diagrams, the
UV-limit for each proper distance is needed.
The leading order behaviour in the UV for the classical
proper distances, i.e. constant G0 and Λ0, can be obtained
from (C4), (C7) and (C8) by approximating the integral
in the limit r → 0. For the identification based on the
classical Kretschmann scalar (10), the UV-behaviour can
easily be read off from (11).
In the quantum versions, the leading order of the proper
distance in the UV-limit can be obtained by assuming
a power law behaviour of the form D(r) = Arα, with
constants A > 0 and α > 0 in order to satisfy the bound-
ary condition D(0) = 0. The constants A and α can be
determined by inserting this ansatz back into the above
equations, now being an integral, differential or functional
equation respectively. All scenarios display monotonously
increasing functions satisfying D(0) = 0, apart from the
quantum proper distance expressions for Kerr. They are
identically zero, as an iterative algorithm for solving the
integral equations shows.
For each scenario, the analytical UV-expression is listed
in Table II. The numerical results for D(r) are shown in
Figure 23, Figure 24, Figure 25. Furthermore, the leading
order exponent α can be extracted numerically from the
slope of the linear relation between the proper distance
D(r) = Arα and its integral function D(r) = Aα+1rα+1:
D(r)
D(r)
=
r
α+ 1
. (E1)
This cross-check confirms agreement between numerical
exponent and the one found analytically in Table II.
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FIG. 23. Left: proper distance along a radial path through a classical Schwarzschild-AdS space-time for three different masses
M = 1, 5, 10MPl. Right: the same for a quantum Schwarzschild-AdS space-time.
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FIG. 24. Left: proper distance along a radial geodesic through a classical Schwarzschild-AdS space-time for three different
masses M = 1, 5, 10MPl. Right: the same for a quantum Schwarzschild-AdS space-time.
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FIG. 25. Function D(r) in classical Kretschmann matching (left) and for quantum Kretschmann scenario (right) for three
different masses M = 1, 5, 10MPl.
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Appendix F: Eigentime of an Inflating Observer in a
Schwarzschild-(A)dS Geometry
Another physically well-motivated choice for the in-
tegration path in (C2) is the curve determined by an
observer some distance away from the black hole, falling
into the black hole along a radial timelike geodesic. Be-
cause the observer’s four-velocity ua is conserved along
geodesics, we normalise it to be
−1 != uaua . (F1)
Furthermore, we can choose the coordinate system such
that the motion takes place only in the equatorial plane
θ = pi/2. Using (6), the normalisation condition of the
four-velocity in the equatorial plane reads:
−f(r) t˙2 + r˙
2
f(r)
+ r2φ˙2 = −1 , (F2)
where ˙( ) denotes the derivative with respect to the eigen-
time τ . We have also conserved quantities E and L
corresponding to the Killing vector fields ξa =
(
∂
∂t
)a
and
ψa =
(
∂
∂φ
)a
:
E = −gabξaub = f(r)t˙ , (F3)
L = gabψ
aub = r2φ˙ . (F4)
However, for simplicity, we will choose an observer with
L = 0. Inserting E and L back into (F2) to eliminate t˙
and φ˙ leaves us with
E2 = r˙2 + f(r) . (F5)
This is a type of energy equation for the observer, at least
in asymptotically flat spacetimes. We now have to specify
the initial conditions for the observer. In the asymp-
totically flat spacetime, one usually places the observer
initially at rest at r =∞, still leaving E finite. However,
we cannot do that in the case of a non-vanishing cosmo-
logical constant, because f(r) is diverging for r → ∞.
Therefore, we take rather an observer at rest (r˙2 = 0) at
some finite distance R to determine E:
E2 = f(R) . (F6)
The proper distance is then given by the eigentime the
observer needs to arrive at r = 0 after starting at R, i.e
the integral over the eigentime along the geodesic:
D(R) =
∫ R
0
dr
1√|E2 − f(r)| =
∫ R
0
dr
1√|f(R)− f(r)| .
(F7)
Appendix G: Eigentime of an Inflating Observer in a
Kerr-(A)dS Geometry
Following the same procedure for a timelike geodesic in
the equatorial plane in Kerr-(A)dS, given by the metric
(7), the normalisation of the four-velocity is
−1 = gtt t˙2 + gφφ φ˙2 + 2gtφ t˙φ˙+ grr r˙2 , (G1)
whereas the conserved quantities induced by the Killing
vector fields ξa =
(
∂
∂t
)a
and ψa =
(
∂
∂φ
)a
read
E = −gabξaub = −gtt t˙− gtφ φ˙ , (G2)
L = gabψ
aub = gφφ φ˙+ gtφ t˙ . (G3)
Combining the equations and restricting again to L = 0
yields the following radial equation,
r˙2 =
E2 Ξ2
[
(r2 + a2)2 − a2∆r
]− r2∆r
r4
. (G4)
Subsequently, we arrive at the proper distance in a Kerr-
(A)dS geometry induced by an infalling observer in the
equatorial plane, initially starting at rest at r = R and
falling towards the singularity at r = 0:
D(R) =
∫ R
0
dr
r2√|E2 Ξ2 [(r2 + a2)2 − a2∆r]− r2∆r| ,
(G5)
where E is in this case then given by
E2 = E2(R) =
R2∆R
Ξ2 [(R2 + a2)2 − a2∆R] . (G6)
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